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SCHRODINGER OPERATORS WITH NON-DEGENERATELY
VANISHING MAGNETIC FIELDS IN BOUNDED DOMAINS

XING-BIN PAN AND KENG-HUAT KWEK

ABSTRACT. We establish an asymptotic estimate of the lowest eigenvalue p(bF')
of the Schrodinger operator —V%F with a magnetic field in a bounded 2-
dimensional domain, where curl F vanishes non-degenerately, and b is a large
parameter. Our study is based on an analysis on an eigenvalue variation prob-
lem for the Sturm-Liouville problem. Using the estimate, we determine the
value of the upper critical field for superconductors subject to non-homoge-
neous applied magnetic fields, and localize the nucleation of superconductivity.

§1. INTRODUCTION

In this paper we study the lowest eigenvalue p(bF) for the Schrédinger oper-
ator —V7p with a magnetic field F, where curl F vanishes non-degenerately in
a bounded 2-dimensional domain, and derive asymptotic estimates for the large
parameter b. This problem arises in the mathematical theory of describing the
nucleation phenomenon for superconductors subject to non-homogeneous applied
magnetic fields. Using the estimates of p(bF), we determine the value of the upper
critical field and the location of nucleation of superconductivity. This problem is
interesting to us also because of its connection to the problem of estimating the
lowest eigenvalue and describing the (bounded) eigenfunctionsﬁ of the Schrodinger
operator with a non-degenerately vanishing magnetic field in the entire plane R?
and in the half-plane Ri.

A type 2 superconductor subject to an applied magnetic field will exhibit many
interesting phenomena. It is well-known that, if the applied magnetic field is ho-
mogeneous and decreases from the upper critical value He,, superconductivity
nucleates at the surface of the sample. The estimate of the upper critical field and
the localization of the nucleation of superconductivity have been studied by many
physicists; see Saint-James and De Gennes |SdG], Saint-James and Sarma [SST],
and Tinkham [T]. More recently, a mathematical analysis of these problems has
been carried out by many mathematicians. Among them we would like to men-
tion the work of Chapman |C] and Bernoff-Sternberg [BS] based on the formal
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Hn this paper, for convenience, when considering eigenvalue problems in the entire plane
or in the half-plane, we call a non-trivial bounded solution an eigenfunction. Therefore, the
eigenfunctions associated with the lowest eigenvalue need not lie in L2.
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analysis, Bauman-Phillips-Tang [BPT]| for the rigorous analysis on disks, Giorgi-
Phillips [GP], Lu-Pan [LP1], [LP2], [LP3], [LP4], [LP5], [LP6], del Pino-Felmer-
Sternberg [DES], Pan [P], Helffer-Morame [HMor| and Helffer-Pan [HP] for rigorous
analysis on general domains.

To study the nucleation of superconductivity for a sample with large value of
the Ginzburg-Landau parameter x, and subject to a strong magnetic field Hyppr =
‘H = oH, with large o, Lu and Pan [LP4], [LP5| introduced a number o*(x), which
depends on Hy, such that the sample is in the normal state if 0 > 0*(k) and is in
the superconducting state if 0 < o < ¢*(k). In the special case when the applied
field is homogeneous, o*(k) is equal to the upper-critical field He,. It was shown
that, for a bounded sample with smooth surface, we have

. 0*(k) 1
1 =
5415?00 KR (%)) (Ho) ’

where ag(Hy) is a number determined by © and Hy. In the special case where the
applied field is homogeneous, the above equality yields an estimate for He,.

Although in [LPT], [LP2], [LP3], [LP4], [LP5] the authors mainly discussed the
case where the applied field does not vanish, it was observed in [LP3] (Proposition
6.3) that the value of o*(k) is greatly raised if Hy has zeros: o*(k) > Ck? for
all large k. In this paper we shall study this phenomenon more precisely. Let us
consider a cylindrical superconductor with simply-connected cross section 2, and
placed in an applied magnetic field which is parallel to the lateral surface. Choose
the axis of the cylinder as the x3-axis. Then 2 is a bounded domain in R2. In this
paper we always assume that

H:He3; HZUHO;

where Hy is a smooth function of = (x1,x2), and es is the unit vector along the
positive xz-axis. Then, superconductivity can be described by a complex-valued
order parameter ¢ and a magnetic potential A, and (¢,.4) is a minimizer of the
Ginzburg-Landau functional. The Euler equation is the 2-dimensional Ginzburg-
Landau system (see [GL], [dG], [SST], [CHO], [DGP]):

— (V= irA)*y = &2(1 = [¢*),
curl’A = —i(@z‘;vw —pVp) — |2 A + curl H, in Q,

R VR
v
curl A— H =0, on 0N).

Here i = v/—1, & is the Ginzburg-Landau parameter and v > 0. v is very small
for an insulator, very large for magnetic material, and in between for non-magnetic
material.

As we consider strong fields H = o Hy with large o, in the following, we set

A=cA.

We rewrite the Ginzburg-Landau functional as follows:

2
£, A) = [ {IVruntl? + (ow)?lcurl A= Hof + 5 (= 12)do+ [ i
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In the 2-dimensional case, A = (41, Az2), and
VA=V —iAp, curl A =045 — Ay, curl?A = (Ozcurl A, —0;curlA),
VA = (V —iA)%) = Ay —i[2A - Vi + pdiv A] — |A]e).
To state our main results, we need a few definitions and notations. Given Hy,
let
Z(Hy) = {x € Q: Hy(z) = 0}.

We say that H, vanishes non-degenerately if the zero set Z(Hy) satisfies the fol-
lowing condition:

(1.1)

Z(Hyp) is the union of a finite number of smooth curves and VHy # 0 on Z(Hy).

For the given function Hy, there exists a unique smooth vector field F on Q such
that

(1.2) curl F=Hy and divF=0 1inQ, F-v=0 onoQ.

Note that (0, F) is a trivial critical point of £ for any o. Let us recall the definition
of o*(k, Hy) given in [LP4] (Section 1):

0*(k,Ho) = inf{oc > 0: (0, F) is the only minimizer of £}.

We shall estimate o*(k, Hp) for non-degenerately vanishing Hy.

Throughout this paper we assume that €2 is a bounded smooth (C?) and simply-
connected domain in R2. We denote the unit outward normal of OQ by v = (11, 12)
and the unit tangential vector by 7 = (71,7) = (—v2,v1). We choose the ori-
entation of 0 so that the orientation of the {u,7} is the same as that of the
x122-coordinate system. For z € 99, denote by ¥(z) the angle between the vector
curl> F(z) and 7. Note that ¥(x) is equal to the angle between V H(x) and the
inward normal vector —v(x). Define

Z(Ho, Q) = Z(Ho) neQ, Z(Ho, 89) = Z(Ho) N onN.
Let Ao be the number given in (1.10) below, and let A(R?, 9) be the lowest eigenvalue
of the eigenvalue problem (1.11). Define
(1.3)

ay(Ho) = min{ A2 min  |VHo(z),

. )\R2 ,19 3/2 H .
€ Z(Ho. ) peamin o ARG 9(2))" [VHo ()]}

We also define
Z(Ho) ={z € Q: N/*|VHy(2)| = oy (Ho)}
U{z € 99 : NR%,9(x))3?|VHo(z)| = a1 (Ho)}
Note that if all the zero points of Hy lie inside €2, then

Z(Hyp)={ze€Q: Hyo(x)=0, |VHy(z)l = yénzl(%) [VHo(y)|}

Theorem 1. Assume that condition (1.1) is satisfied.
(i) Asymptotic estimate for o*(k, Hp):
o*(k, Ho) 1

1.4 li = .
(14) k—Foo K2 a1 (Hp)
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(ii) Concentration of order parameters: Let {kn,} and {0} be such that

On
— as n — 0.

Ky — +00 on < 0" (K, H — =
n b) n (n; 0)7 K/% al(H())

Let (Y, Ay) be a non-trivial minimizer of the Ginzburg-Landau functional £
with k = Ky, and o = o,. Then, as n — oo, we have

[Vnll L) — O and curl A,, — Hy in C*(Q),

T CO N on O\ Z(Ho).

1¥nll L0
Remark 1.1. (1) Under the conditions of Theorem 1, we can use the arguments
in [LP4] (proof of Theorem 1.3) to show that, after rescaling and gauge transfor-
mations, a subsequence of {t¢,/||,||L=} converges to an eigenfunction of either
(1.6) or (1.7) given below.

(2) From Theorem 1 we see that superconductivity persists in a non-degener-
ately vanishing applied magnetic field up to the level O(k?). In a decreasing field
H = oH, with non-degenerate zeros, superconductivity nucleates at some zero
points of Hp, namely, the set 2(1‘[@). If all the zero points of Hy lie inside €2, then
nucleation occurs first at the zero points of Hy where the magnitude of the gradient
V Hj is the least.

(3) The geometry of the zero set Z(Hp) of the magnetic field Hy has an effect on
the value of o*(k, Hp) and on the localization of the order parameters. We believe
that, if the gap o*(k, Hy) — o is sufficiently small, then the order parameters will
concentrate at a subset I' of é(Ho); and if o*(k, Hy) — o is not very small, then
the order parameters will localize uniformly on zZ (Hp). It is interesting to find the
geometric characterization of I'. For this purpose, one has to estimate the difference

K2

O’*(/<;7 Ho) - 7@1 (Ho)

for large k. To obtain an upper bound for o*(x, Hy) — #1210)’ one may follow the
method in [LP4] (Appendix). The description of eigenfunctions for (1.6) and (1.11)
given in Theorems 3 and 4 will be useful. One may also use the method in [HP] to
derive a lower bound of o*(k, Hy) — #;0), and to discuss the localization of order
parameters.

(4) It could be interesting to study similar problems in dimension 3, and study
applied fields with higher-order zeros. We would like to mention that the semiclas-
sical analysis for the bottom of the spectrum of the Schrédinger operator with a
magnetic field vanishing up to higher order in the entire space R™ has been carried
out by Montgomery [M] and Helffer and Mohamed [HMoh] (see [H2] for a review).

As was observed in [LP4] and [LP5], the estimate of o*(k, Hy) and the local-
ization of the nucleation phenomena rely on the estimate of the lowest eigenvalue
w(bF) of the Schrédinger operator —V7g on (2 for a large parameter b:

(1.5) —Vipd = pé in 9, (Vo) - v +v6 =0 on 0.
In fact, for a magnetic field with non-degenerate zeros, we can show that
*(k, H, « (K, H
lim 2\ H0) (%, Ho) = ljm 2\ o) (%, Ho)

K—+00 K2 K—+00 K2 ’
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where
0«(k, Hy) = min{o > 0 : pu(oxF) = x*}.
Therefore, the following theorem is essential to establish Theorem 1.

Theorem 2. Let Hy satisfy condition (1.1) and let the vector field F be determined
by (1.2). Then

p(bF) _ 2/3
Am ez = a(Ho) ™
where o1 (Ho) was given in (1.8). Let ¢y be the eigenfunction of (1.5) associated
with the lowest eigenvalue u(bF). Then

lim 11)177("%):0 for all z € Q\ Z(Hy).

b—oo |1l oo (i)
Remark 1.2. (1) Theorem 2 says that
w(bF) = [a1 (Ho)?/2 + o(1)]|b]>® as b — oo.

Using the Helffer-Morame method [HMor], one may obtain a better estimate of the
remainder.

(2) Tt is interesting to find the localization of the eigenfunctions of (1.5) for large
b, and explore the effect of the geometry of the zero set of HOE Using the Agmon
estimates [A] and the Helffer-Morame method [HMor|, one can show that, in the
L? sense, the eigenfunctions concentrate at Z (Hyp), and decay exponentially in the
normal direction to Z(Hy).

In the following, we shall describe the main ideas in our approach, and the
technical problems we shall solve.

As in [LPT], [LP3], [LP5], the asymptotic estimate for p(bF) for large b will be
given in terms of the lowest eigenvalues of the Schrédinger operator —V% in the
plane R? (when Z(Ho, ) # 0):

(1.6) —Va¢Y =X\ inR?
and on the half plane R2 = {(z1,z2) : z2 > 0} (when Z(Ho, 09) # 0):
(1.7) —Vip=X\p in Rﬁ_, (Vag)-v=0 on 8]1%3_,
where
|z .
A=—-——n n = (cos¥,sin?).

Note that curl A = x5 cos ¥ — x1 sin), which vanishes along a line.

In the entire plane case, we can simplify (1.6) by first rotating the coordinate
system so that n is in the positive y; direction, then making a gauge transformation
(see Section 4 for the details). In the new coordinate system we may assume
n = (1,0) and A = (—3y3,0). Equation (1.6) is then written as

(1.8) —Atp — g2 011 + iygw =X\  inRZ%

Eigenvalue problems in the entire plane R? including (1.6) have been studied by
Montgomery [M], Helffer and Mohamed [HMoh|, and Helffer [H2]. Among other
things, Montgomery showed that, for the magnetic field A given above, the lowest

2See Remark 1.1 (3) for a related problem of localization of order parameters.
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eigenvalue A(R2?, A) of (1.6) is equal to the minimum of A\(). Here, for fixed T,
A(7) is the lowest eigenvalue of the differential operator —% + 3 (2 4+ 27)%:

1
(1.9) -y’ + Z(tQ +27)%y = A1)y, —00 < t < 0.
Namely,
AR?,A) = X,
where
(1.10) Ao = Theluf&)\(T)'

The numerical computations shows that (see [M], [H2]) A ~ 0.5698. More general
results in higher dimensional spaces were obtained by Helffer and Mohamed [HMoh|
and Helffer [H2]. The asymptotic estimates of the lowest eigenvalue and the local-
ization of the eigenfunctions were obtained there.

In this paper we shall classify the eigenfunctions of (1.8) associated with A(R?, A).
We shall see that the key point in the classification of eigenfunctions is the unique-
ness of the minimum points of A(7). So we ask the following two questions:

(Q1) Are the minimum points of the function A(7) unique?

(Q2) Are the eigenfunctions of A(R?, A) uniquely determined (up to gauge trans-
formations, rotations and translations) by the eigenfunction u of (1.9) with
T =197

We mention that the answers to these questions are needed to solve the eigenvalue

problem (1.7) in the half plane (see Section 5), and will also be needed to describe

the behavior of the order parameter and to get higher-order estimates for o*(x, Hy).

Note that numerical results suggest that the minimum points of A\(7) are unique

(see [H2]).

Theorem 3. (i) The minimum point 7o of A(T) is unique.
(ii) Let u be the positive eigenfunction of (1.9) with T = 9. The eigenfunctions of
(1.8) associated with the lowest eigenvalue \(R?, A) are given by v = ce'™Y u(ysz).

Remark 1.3. Note that the zero set of curl A is unbounded, and the magnitude
|| of the eigenfunction 1 is constant along the direction of n = (1,0). It will be
interesting to compare this fact with a result of Helffer and Mohamed ([HMaoh],
Theorem 2.1), which says that the eigenfunctions of a Schrédinger operator with a
magnetic field which is bounded away from zero outside a ball decay exponentially
at infinity.

Next we consider (1.7). In contrast to the entire plane case, the lowest eigenvalue
of (1.7) depends on the direction of n. After gauge transformation, (1.7) can be
written as
(1.11)

1
— Ap —i(23 cos VD1 p + 27 sin 9D ) + Z(x% cos® ¥ + afsin® ¥)p = Ap  in R%,

020 + %x% sintdp =0 on 8]Ri.
The natural space for the operator —V% is the magnetic H' space associated with
A:
WHA(RZ, A) = {6 € L2(R2) : [V — iAg| € LA(R2)}.
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In the following we denote )\(Rﬁ_, A) by )\(Rﬁ_, 9¥). Obviously,
ARZ, 7+ 9) = AR, ).

So we discuss (1.11) for 0 < ¥ < w. The case where ¥ = 0 is most interesting. In
this case, equation (1.11) reads as follows:

1
(1.12) —Ap —ix301p + ngap =Ap in Rﬁ_, O20p =0 on 81&1.

We easily see that
ARZ,0) = A(R%, A) = X\g = A\(70).

Theorem 4. (i) A(R%,0) = X, and the associated eigenfunctions are ¢ =
ce' ™1y (xy), where u is the positive eigenfunction of (1.9) with T = 9.

(i) For 0 < ¥ < 7 we have A(R%,9) < Mo, and the associated eigenfunctions
belong to the magnetic H' space W'2(R%, A).

To classify the lowest eigenfunctions of the eigenvalue problems (1.6) and (1.12),
we shall use the ideas developed in [LPTI], [LP2], [LP5], which was renamed the
F-Principle in [LP6] (Subsection 1.4). For the reader’s convenience we briefly state
it here with respect to (1.6). Let 1) be a bounded eigenfunction of (1.6) associated
with the lowest eigenvalue A\g. Formally, we fix x5 and denote the Fourier transform
of ¢ in the variable x1 by @(z, z2) = Flp(-, z2)](2). Then, for fixed z, v(t) = ¢(z,t)
satisfies an equation for A = Ag:

(1.13) ="+ q(t, T)v = A, —00 < t < 400,

where
1
q(t,7) = Z(tQ + 27)2~

We may call (1.13) the F-transformed equation of (1.6) (or F-equation for short).
Information on the F-transformed equation (1-dimensional eigenvalue problem) will
help us to study the original (2-dimensional) eigenvalue problem. For fixed 7, denote
the eigenvalue of (1.13) by A(7). Let Ao = inf; A(7) and assume Ag = A(7p). Let
u be the eigenfunction of (1.13) associated with the eigenvalue \g. We may guess
that the least value \g is the eigenvalue of (1.6), and the associated eigenfunctions
of (1.6) are given by ¢ = cei™1y(z5). To rigorously verify these results, we follow
the main steps in [LP2] (proof of Theorem 5.3) and [LP5] (proof of Lemma 3.2).
Step 1. For fixed 7, the lowest eigenvalue of (1.13) is given by

+oo
) a0= et [ i
where

WH(R, q) = {¢ € L*(R) : /49 € L*(R)}.
We shall show that there exists a unique 79 such that

A7) = min  A(7).

—ooLT <00

Let A(R?, A) be the lowest eigenvalue of (1.6). Then we can show that A\(R?, A) <
)\(TQ).
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Step 2. Let ¢ be a bounded eigenfunction of (1.6) associated with the lowest
eigenvalue A\(R%, A). We can show that there exists C' > 0 such that, for all a < b,

b +oo
(1.15) / dzy / lpl2day < Cb— a+1)¢]3.
a — 00

Let ¢(z,x2) be the Fourier transform of ¢ in the sense of distribution. Using the
results in Step 1 and (1.15), we can show that, for any za, @(-, z2) is supported at
the single point z = 75. Then we conclude that op(x1,z2) = e™%1u(xy), where u
is an eigenfunction of the F-transformed equation for 7 = 79 on R associated with
the lowest eigenvalue \(7p). Moreover, we get A(R?, A) = \(7p).

We can also carry out the same arguments for the eigenvalue problem (1.12) on
the half-plane. In this case, the F-equation is

(1.16) —u” +q(t,T)u=du, t>0; u'(0) = 0.

It is easy to see that the lowest eigenvalue of (1.16) is equal to the lowest eigenvalue
of (1.9). So we use the same notation A\(7) to denote the lowest eigenvalue of (1.16).
We have, in addition to (1.14),

inf 1
bWt 2(2q) [[B]2
’ L2(R4)

Now we see that the crucial part of our study is to prove the uniqueness of
minimum points of the lowest eigenvalue A(7) of the Sturm-Liouville problem (1.16)
associated to (1.12), with ¢(t,7) = +(¢*> + 27)?. This problem is closely related to
the parameter variation problem of eigenvalues studied by Dauge and Helffer [DH].
Note that, if ¢(¢,7) has the form

(1.18) q(t,7) = q(t +7),
then one can use the method in [DH] to derive the equality

N(r) = e(q(r) = A(7)),

which implies that the minimum point 7y is determined by Ao = A(79) = ¢(70).
Then, the uniqueness of the minimum points follows if ¢(¢) is a monotone function.
Recall that, in order to estimate the upper critical field H¢, for large &, one is led
to the Sturm-Liouville problem with ¢(t,7) = (¢t + 7)? (see [LP2], [LP4]). From
the above discussion we see that \g = 72, which implies the uniqueness of the
minimum points (see [DH], [BH])E However, for the Sturm-Liouville equation
(1.16) with g(t,7) = %(t* + 27)?, which is not in the form (1.18), the uniqueness
of minimum points cannot be obtained by using the above method. Instead, we
shall combine ODE techniques and variational ideas. We shall show that, if there
exist numbers 71 < 7o such that A(11) = A(72) = Ao, then we can find a point
7 lying in between 71 and 72, and find a number A < Mg, such that (1.16) has a
bounded positive solution for 7 and A. This conclusion contradicts the fact that Ag
is a minimum. To prove this conclusion We make a change of variables. Let u be
a positive solution of (1.16) satisfying u(0) = 1. We introduce ¢ such that

u = exp(— /qﬁ )ds).

3In [CPZ] and [LP4], without knowing the results in [DH], a different investigation was carried
out, and the uniqueness of the minimum points was proved by analyzing the family of solutions
of an associated ordinary differential equation, see [LP2] (Section 7).

+oo
(1.17) A(r) = / (161 + at, 7)ol .
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Then ¢ satisfies the following Riccati type equation:
(1.19) ¢ = f(t, o, 7, N), t>0; #(0) =0,

where
Flt6,7X) = 6 + A= q(t,7) = 6+ A— (2 + 27"

We shall prove the conclusion by carefully analyzing the solutions of (1.19).

We organize this paper as follows. In Section 2 we recall the asymptotic behavior
at infinity of all positive solutions of an ordinary differential equation. In Section 3
we discuss the Riccati type equation (1.19), study the eigenvalue variation problem
for the Sturm-Liouville operator (1.16), and prove the uniqueness of the minimum
points of the function A(7). In Section 4 we study (1.6) and prove Theorem 3. In
Section 5 we study (1.7) and prove Theorem 4. In Section 6 we study the eigenvalue
problem in a bounded smooth 2-dimensional domain and prove Theorem 2. Then,
by using the methods in [LP4] (proofs of Theorem 1.1 and 1.3), Theorem 1 can be
proved as a consequence of Theorem 2.

Acknowledgments. The authors would like to thank Professor B. Helffer for his
many valuable comments on the first manuscript. This work was partially sup-
ported by the National Natural Science Foundation of China, the Science Founda-
tion of the Ministry of Education of China, the Zhejiang Provincial Natural Science
Foundation of China, and NUS Academic Research Grant R-146-000-022-112.

§2. PRELIMINARIES

In this section we recall the asymptotic behavior, for a large variable ¢, of positive
solutions of the equation

1
(2.1) -y’ + Z(tQ +27)%y = \y.

The following lemma will be used in our discussion on the Riccati type equation in
Section 3.

Lemma 2.1. Fiz \ and 7.

(i) For any solution y of (2.1) which is positive and bounded near +oo, there
exists ¢ > 0 such that

: t?
(2.2) t—1}+moo eXp(E + Tt)ty(t) = c.

(ii) Moreover, for any ¢ > 0, (2.1) has exactly one solution y(t) which is defined
for large t and satisfies (2.2).

Lemma 2.1 follows from a general result of Sibuya [S] (Theorem 6.1), which gives
the asymptotic behavior at infinity of a solution of an ordinary differential equation
with a polynomial coefficient [

Remark 2.2. Let y(t) be a bounded solution of (2.1) and y # 0. Then y does not
change its sign for large ¢t. Assume y(t) > 0 for large t. Write
43
(t) = exp(— 5~ 7tyu().

4 Although it is not stated explicitly in Theorem 6.1 in [S], the uniqueness (up to a scale
multiplication) of the positive solutions satisfying (2.2) can be proved by the comparison method.
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Then w satisfies the equation
w’ — (421w + (A —t)w = 0, t>0,
and w’(0) = 7w(0). Let v(t) = tw(t). Then v satisfies the equation

2r 2

Moreover, if either A > 0, or A = 0 and 7 > 0, then v is strictly increasing for large
t; if either A < 0, or A =0 and 7 < 0, then v(¢) is strictly decreasing for large t. In
any case, v(+00) exists and is a positive number.

2
" — (221 + E)fu’+ (A +

§3. EIGENVALUE VARIATION FOR STURM-LIOUVILLE OPERATORS

In this section we study the eigenvalue variation problem for the Sturm-Liouville
equation

1
(3.1) —u’ + Z(tQ +27)2u =M, t>0; u'(0)=0.

Lemma 3.1. For every T, the lowest eigenvalue of (1.9) on (—oo,+00) is equal to
the lowest eigenvalue of (3.1) on (0, +00).

Proof. Although the conclusion is obvious, we include a proof here for the reader’s
convenience. Let us temporarily denote the lowest eigenvalue of (3.1) by A(7) and
the lowest eigenvalue of (1.9) by (7). We shall show that A(7) = A(7).

First we recall that A(7) is a simple eigenvalue, i.e., it has only one linearly
independent eigenfunction. To see this, assume that w; and wy are eigenfunctions
of (1.9) associated with A(7). Then wi, wy € L2(R). Let w(t) = w (0)wa(t) —
wa(0)wy (t). Then w is also an L? eigenfunction. If w # 0, then from the variational
characterization of the lowest eigenvalues we know that w does not change its sign.
We may assume that w > 0. Note that w(0) = 0. So 0 is a minimum point
and hence w'(0) = 0. Since w(0) = w’(0) = 0, the uniqueness result for ordinary
differential equations shows that w = 0. Hence w; and ws are linearly dependent.

Let u(t) be an eigenfunction of (3.1) associated with the lowest eigenvalue A(7),
and define y(t) = u(t) for t > 0, y(t) = u(—t) for t < 0. Note that y € L*(R). Using
y(t) as a test function, we see that A(7) < A(7). Next let w be an eigenfunction
of (1.9) associated with the lowest eigenvalue A(1). We show that w is an even
function. Let @(t) = w(—t). Then w is also an eigenfunction of (1.9). Since the
lowest eigenvalue is simple, we see that w = cw. Checking this equality at ¢ = 0,
we see that ¢ = 1, i.e., w(—t) = w(t) = w(t). So w’'(0) = 0. Let u be the restriction
of w to [0,400). Then w is an eigenfunction of (3.1) with eigenvalue A(7). So
A7) < A(7). Hence they are equal. O

In the following we denote by A\(7) the lowest eigenvalue of (3.1), and let
(3.2) Ao = inf  A(7).

—oo<T<+00
From Lemma 3.1 we see that (1.10) and (3.2) define the same number.
Theorem 3.2. There exists a unique number o9 < 0 such that

)\(7'0) = )\0 = min )\(T)

—oo<T<+00
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From Lemma 3.1 and results of Montgomery [M] (also see Helffer [H2]), we see
that \g is achieved at some 79, and 79 < 0. As mentioned in §1, to prove Theorem
1, we shall study the Riccati type equation (1.19) associated with (3.1). Fix A and
7. Let u be a positive solution of (3.1) satisfying u(0) = 1. Set

t
(3.3) u(t) = exp(—/ @(s)ds).
0
Then ¢ satisfies (1.19), where
flt 6,7 0) = ¢+ X — i(tQ +27)2,

In particular, for every 7, let u(-,7) be the eigenfunction of (3.1) associated with
the eigenvalue A(7) such that «(0,7) = 1, and let ¢(-,7) be the associated solution
of (1.19) defined by (3.3). Then ¢(-,7) is a global solution of (1.19) with A = A(7).
Moreover, from Proposition 2.1 we have

12 1
(3.4) o(t, 1) ~ ) +7— n as t — +oo.

The following lemma gives the structure of the family {¢(-,7)}.

Lemma 3.3. (i) g(7) = \(7) — 72 is strictly increasing in T.
(il) If 11 < 72, then ¢(t,71) < ¢(t,72) for all t > 0.

Proof. (i) Use the notation u(t, ) as above. Let 71 < 72. Then

N a2 R T )+ (5 4 )l (7o)
o) =Alm) = = f0+oo u?(t, 72)dt

S ()2 + (G + Tt ud(t, ) bt

>
f0+oo u2(t, 7o)dt
_ ST )P 4 5 (B 4 2n) P )b
f0+oo u2(t, mo)dt !
+oo l 2 1042 2)2,,2
u' (t, m)|* + 3(t° + 21t°)“u(t, 7 ) Hdt
o Jo )PP + 5 TNy = 2 = (),

f0+oo u2(t, m1)dt

g9(r2) —g(m1)
T2 —T1
f(t7 (bv T1, A(Tl)) < f(ta ¢a T2, )‘(TQ)) iff 0 S t < T(T17T2)'
Applying the Comparison Principle to (1.19), we conclude that, for 0 < t <
T (1, 72),
(35) ¢(ta7-1) < ¢(t77—2)'

We shall show that (3.5) is true for all ¢ > 0. From (3.4) we see that (3.5) holds
for sufficiently large ¢. Suppose that (3.5) is not true for all ¢. Then there exists
to > T(Tl,TQ) such that gb(to,Tl) = gﬁ(to,Tg) and gﬁ,(to,’ﬁ) < ¢'(t0,72), where the
prime denotes the derivative in ¢. However, as to > T'(71,72), we have

¢ (to, m1) = f(to, d(to, 1), 71, A(11)) > f(to, d(to, 72), 72, A(12)) = ¢'(to, T2),
a contradiction. Hence (3.5) is true for all ¢ > 0. O

(ii) Assume 71 < 7. Let T(71,72) = . Then

)
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The following observation will be used later.

Lemma 3.4. Given A and 7, assume that (1.19) has a solution ¢ on [0, +00) such
that

+oo
(3.6) /0 B(t)dt = +o0.

Then X is equal to the lowest eigenvalue \(T) of (3.1), and the function u associated
with ¢ by (3.8) is an eigenfunction.

Proof of Theorem 3.2. Suppose that A(7) has at least two minimum points 71 <
T2 < 0, AM(11) = A(12) = Ao. We shall show that there exist 7* € (71,72) and
A* < Ag such that (1.19) has a global solution ¢, and

o(t, ) < d(t) < P(t, T2) for all ¢ > 0.

Then, using Lemma 3.4, we see that \* is an eigenvalue of (3.1) with 7 = 7*. This
contradicts the fact that Ag is the minimum of A(7).

Step 1. We introduce some notation.

Computation shows that, for 7y < 7 < 79,

f(tad)a'rlv)‘(’rl)) < f(t,¢,7',)\) iff 0<t< \/_i\_o _7_>\ - T —T1,
— 71
. Ao — A
f(ta¢aTaA) < f(t7¢77—27>‘(7—2)) iff 0<t< Ty — T - T T2.

Set A= A(1) = Xo — (T —71)(72 — 7). Then

\/_)\O_)\ (T) _7__7-1:\/M_T—TQZ\/—Tl—TQEt*.

T—T1 Tog — T

So we have, for 1, < 7 < 79,

ft, 1, A1) < f(t, 0,7, N (7)) < f(t, 9,72, A(T2)), if 0<¢t<tr,
ft, 0,12, A(12)) < f(t, 0,7, X (7)) < f(t, &, 71, A (1)), it ¢>t",
and, for 1y <7 <7 <7y,

(3.8) ft, o, 7, N (7)) < f(t, 0,7, X (7)) iff 0<t<th

Note that A*(7) < Ag for 7 < 7 < 72, A*(71) = A*(72) = Ao, and

1+ T 1
! 2) :)\0 — Z(TQ —T1)2.

(3.7)

min A" (1) = A*(

T1<7<T2

Step 2. Consider local solutions on [0, t*].
Using (3.7) and applying the Comparison Principle, we see that, for every 71 <
T < To, there exists a number t* > 0 such that the equation

(3.9) ¢ = [t d,7,A"(7))

has a unique solution ¢*(¢,7) satisfying ¢(0) = 0, which is well defined on [0, ¢*],
and

o(t, 1) < o*(t,7) < Pp(t,72)  for 0 <t <t

Let a(1) = ¢*(¢*, 7). From (3.8) we see that a(7) is continuous and strictly increas-
ing for 7 € [1,72], and

a(n) = o(t", 1), a(r2) = o(t", 7).
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Step 3. Consider solutions on [t*, +00).

From Lemma 2.1, for every 7 € (11, 72) and A = A*(7), there exists a number
T*(7) such that (2.1) has a unique solution y*(¢,7) which is positive for ¢t > T*(7),
and satisfies

43
y*(t,7) ~ 7 eXp(—E —Tt) as t — +oo.

Let
* d * *
Y (t,T) = —alogy (t, 1), t>T"(r).

Then ¢*(-,7) solves (3.9) for ¢ > T*(7), and for large ¢ it satisfies the following
estimate:

(3.10) o(t, 1) <™ (t,7) < o(t, m2).

Using this and (3.7) and applying the Comparison Principle, we conclude that
¥* (-, T) exists on an interval containing [t*, +00), and (3.10) holds for all ¢ > ¢*.
So we can choose T*(7) > t*.

Let b(1) = ¢*(¢*, 7). From (3.8) and the uniqueness result in Lemma 2.1, we see
that b(7) is continuous and strictly increasing for 7 € [, 72|, and

b(Tl) :(b(t*,Tl), b(TQ) :(b(t*,Tg).

Step 4. We show that b(7) — a(7) changes its sign in the interval (7, 72). We
prove this by contradiction. Suppose not. We have the following alternatives:

Case 1. a(t) < b(7) for all 11 < 7 < To;

Case 2. a(t) > b(7) for all mp < 7 < 7.

Step 4.1. We show that Case 1 cannot happen. Suppose Case 1 happens. Then
for every 7 € (71,72), the curve of ¢*(-,7) lies below the curve of ¢*(-,7), and
eventually leaves the region bounded by ¢(-,71) and ¢(-,72) through the curve
¢(-,m1) at time ¢ = ¢(7), and ¢(7) > t*.

Let [0,T(7)) be the rightward maximal existing interval for ¢*(¢,7). Then we
have t* < t(1) < T'(7), and

o(t,m)  ifo<t<tr
(3.11) O (t,T) < S Y*(t,7) if t* <t <#(r),
o(t, m2) if ¢ > t(7).
Let
w(t) = o(t,72) = ¢" (L, 7).
Then w(t) >0 for 0 < ¢ < T(7), and
W' = [0t 72) + ¢*(t, w — (12 = T)(2 + 71+ T2)
<20(t, mo)w — (1o — T)(t2 4+ 71 4+ T0).
So
(3.12) 0<w(t) < (re—7)G() for 0 <t < T(7),

where

G(t) = —exp (2/; ¢(S,T2)d8> / (s> + 71+ exp( / o(x, 7 dx)
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Since ¢(t, m2) ~ % + 72— 1 ast — +oo, we see that lim;_, o G(t) = —o0, and
hence

sup  G(t) < +oo.
0<t<+o0

Hence w(t) remains bounded in its rightward existing interval. This implies that

the rightward maximal existing interval of ¢*(¢,7) is [0, +00), i.e., T(T) = +o0.

From (3.12) we see that, if 7o — 7 is small, then w(t) < e

for all large t.

However, from (3.11) we see that, when ¢ is large,
w(t) > o(t,m2) — d(t,71) = 720 — 71 + 0(1).

This contradiction implies that Case 1 cannot happen.

Step 4.2. Similarly we can show that Case 2 cannot happen. To prove this,
instead of w(t), we consider the function £(t) = ¢*(t,7) — ¢(t,71). The details are
omitted.

Step 5. From Steps 2-4 we conclude that there exists a number 7% € (1, 72) such
that a(7*) = b(7*), namely, ¢*(t*,7*) = *(t*, 7). Let

. ot (¢, T if0<t<tr,
0=
YR TN >
Then ¢*(t) is a solution of (1.19) for 7 = 7%, A = A*(7*), and
o(t, 1) < d*(t) < ¢(t, 12) for all ¢ > 0.

From the asymptotic behavior of ¢(¢, 71) we see that (3.6) holds. Thus, from Lemma
3.4 we conclude that when 7 = 7* (2.1) has an eigenvalue \*(7*) < A¢. This
contradicts the fact that Ag is the minimum. Theorem 3.2 is proved. |

In the following we always denote by 79 the (unique) minimum point of the
function A(7), denote Ay = A(709) = min, A(7), and denote by u the positive eigen-
function of (3.1) for 7 = 75 and A = Ao.

Proposition 3.5. We have

+o0 aq )
| G =o

+oo
(3.13) /0 %(t, TR (B)dt = o — q(0, 70)]u2(0);

e dq 2 e 1|2
t—(t, To)u’(t)dt = 2 |u'(¢)]*dt.
0 ot 0

Proof. For any h we have

S 2 + gt 70 + R)u2)dt

fOJrOO u2dt

f0+oo %(t, 7o )u?dt
fOJrOO u2dt

Mmoo+ h) <

= o) + h +O(h?).

So the first equality holds.
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Extend u to negative ¢ by letting u(t) = u(0) for ¢ < 0. Denote up(t) = u(t + h)
and set
Jo b +alt royui}dt [ {w P + a(t = hyro)u Yt

fOJrOO ujdt f;roo w2dt

f(h) =

f attains its minimum at h = 0. The second equality follows from f/(0) = 0.
Let vq(t) = u(%), @ > 0, and consider
Jo Al + a(t amo)udydt

fOJrOO v2dt

g(a) =

g attains its minimum at a = 1. So ¢’(1) = 0, which gives the third equality. O

Corollary 3.6 ([DH]). Assume that q(t,7) = q(t + 7). If Ao is the minimum of
A7) and 19 is a minimum point, then Ao = q(7o).

Proof. In fact, in this case we have g—g = %. From the first two equalities in
Proposition 3.5 we find that Ao = ¢(79). O

For the Sturm-Liouville problem (3.1), ¢(t,7) = 1(t* + 27)%>. Let u be the
eigenfunction of (3.1) associated with the minimum of the lowest eigenvalue Ao =
A(710). Then we have

+oo
/ (2 + 200)u(t)dt = 0,
0

/+OO t(t? + 270)u(t)dt = (Ao — 78)u?(0),
0

+oo ) +oo
/ o (4)|2dt = ﬁ/ W2 (1)t
0 3 0

“+oo 4)\0 “+oo
/ (# + om0yt = 20 [ (o)t
0 0

Note that the last two equalities of (3.14) are derived from the first and third
equalities in (3.13).

(3.14)

§4. AN EIGENVALUE PROBLEM IN R?

In this section we shall prove Theorem 3 concerning the eigenvalue problem (1.6),
where

A = —1|z|’n, n = (cos ¥, sin}).
We first rotate the coordinate system to simplify (1.6). Set
(4.1) 1 =y1cost —yosint, xo = ypsind + ys cos?d
and let
6(y) = ¥(x) = Y(y1 cos ¥ — ys sin, yy sind + yp cos ).
Then

86 i

o

2 12 2
— o1° + | =—1°.
oy 2|y| | |8y2|
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Furthermore, let
i3
o(y) = exp(Zy7)o(y).

6
We find that

99 TR, 99 5 dp i oo o ¢ 5
— += +l=—"=l7+3 + 1=
e+ 5ol + 1501 = 152+ Sudol +15E ]
Thus in the rest of this section we always assume

1

A(y) = (—5u3,0),
and write (1.6) as follows:
1
(4.2) ~Ap—iysoip + qyae = A IR
0

where J; = —. Note that

Jy;

curl A = ys,.

Lemma 4.1. For any C' function ¢ with compact support in R2,

(4.3) /}R |V ag|?de > ‘/R (curl A)|¢|*dx

See [M] (Theorem 4) for the proof of Lemma 4.1.
As mentioned in §1, the following lemma is needed in order to apply the F-
principle.

Lemma 4.2. There exists a constant C > 0 such that, for any bounded eigenfunc-
tion ¢ of (4.2) and for any a < b,

b “+o0
(4.4) / dyn / (of2dys < C(b — a+ ]|l o).

Proof. We follow the line in [LP2] (Section 5). Let n be a cut-off function with a
compact support spt 1. From (4.2) we have

(45) | atoRay = [ (ol + 95?1y,

Fix | > 0 and assume that spt 7 C {(y1,y2) : y2 > l}. From (4.3) we have

/IVA(n<p)|2dy2|/ yzlns@IQdylzl/ Inel*dy.
R2 R2 R2

Combining this and (4.5), we get

(=3 [ nedy < [ 190y
R2 R2
After approximation we may choose n = 71 (y1)n2(y2), where

es(m+t) if —oco<t<—m,
mt) =<1 if —m<t<m,
es(m—1) if m<t< +oo;
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0 if —co<t<l,
n(t) =<1 ifl+1<t<lIl+n,
eclln—t) ifl+n<t<+oo;
0<ma(t) <land|n(t)| <2forl <t <1+ 1. Then we have

+oo
(=2=22) [ noPdy < alelnges, [ i
R2 oo

Letting n — 400, we get:
m +oo 42m+ 1)
2 S 2
[mdyl/o lpl“dy < {7l—>\—2€2 +2m(l+1)}|§0|Lw(Ri)'

Similarly we deal with the integral on {y2 < 0}. Now we fix [ > A+2and 0 < e < 1,
and find a constant C', depending only on [ and ¢, such that

m +oo
| [ ey < CCm e Dl e
(4.4) follows from this inequality by translation. O

Proof of Theorem 3. Recall that the lowest eigenvalue of (4.2) is equal to the min-
imum value Ag of the function A(7), see [MJ

Let ¢ be a bounded eigenfunction of (4.2) associated with the lowest eigenvalue
Xo. Let @(z,y2) be the Fourier transformation of ¢(y1,y2) with respect to the
variable y; in the sense of distribution. Following the arguments in [LP2] (Section
5), we can show that, for any ys, the support of @(+, y2) either is empty or contains
only the minimum point 79 of A(7). Therefore @(z,y2) can be represented as

N(y2) dF

P(z,y2) = Z Ck(y2)@5(2 —70),
k=0

where N (y2) and ¢k (y2) may depend on ys, and §(z —79) is the Dirac delta function
supported at 79. Since ¢ is bounded, we find that cx(y2) = 0 for all k > 0. Hence

o(y) = u(y2) exp(iToy1),
where u is a bounded function. Plugging it into (4.2), we find that u(y2) satisfies

1
—u’ + Z(yg +279)%u = Aou.

So u is exactly the eigenfunction of (1.9) associated with the lowest eigenvalue
A1) = Ao for 7 = 79. Theorem 3 is proved. O

§5. AN EIGENVALUE PROBLEM IN R%

In this section we study the eigenvalue problem (1.7) and prove Theorem 4,
where A was given in Section 1. Let

. 3 . 3
o(x) = Y(x) eXp(m?1 cost + Z% sin ).

Then ¢ satisfies (1.11). Hence in the following we assume that

2 2

Az) = —(% cos v, % sin ),

5This conclusion can also be proved by the method in [LP2] (Section 5).
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and write (1.11) as follows:
(5.1) ~Viv =Xy inRI,  (Vay)-v=0 ondR3.
To simplify notation, in this section we denote A(R%,9) by Ay (), namely,
(5.2)
Jae [Vaod|?dx

in -~
SEWL2(R2,A) fRi |p|2dx
. 1

inf AL R
PEWL2(R ,A) ||¢|‘L2(Ri) R3
Lemma 5.1 )\+(19) = )\+(—’l9) = A+(7T + 19) = )\+(7T — 19)
Proof. Given a function v, let ¢(x) = ¢(—x1,x2). We compute

A+ (9) =

{01 + a3 cos D)of + (02 + i sin9)gf }d.

(01 + g cos(m — )0 (2) + |( + Lo sin(x — )P ()

= (01 + 53 cos D) (—a1,22) + (92 + 5ot sin V)l (—w1, 22).

So we have Ay (1 —9) = Ay (9). Let ¢(x) = 1(—x1,22), the complex conjugate of
1/)(—3?1,1‘2). Then,

(01 + a3 cos(—0)6P(w) + |32 + 5t sin(—9))6(0)

= (90 + a3 cos D)l (~r,22) + [(92 + 5 sin )| (~a1, @),

Hence A\ (—9) = A\ ().
From the above two equalities we get Lemma 5.1. O

In the following we assume 0 < ¢ < 7.

Lemma 5.2. Let \g be the number given in (1.10).

(i) A4 (0) = Ao, with eigenfunctions given in Theorem 4, conclusion (i).
(i) A () <o if0 <V <.

Proof. Step 1. We show (i).
Let u be the eigenfunction of (1.16) with 7 = 7y associated with the eigenvalue
Xo. Let 0, be a cut-off function supported in {(z1,x2) : |x1| < n}, and choose

Pn () = (21)e ™" u(zs)
as a test function. Computing the related integrals and then letting n — oo, we
find that A4 (0) < Ag.

Note that when ¥ = 0, (5.1) is reduced to (1.12) with the homogeneous Neumann
condition on 9R?%, and e'™" u(x2) is a bounded eigenfunction of (5.1) associated
with the eigenvalue \g. Now, let ¢ be a bounded eigenfunction of (5.1) associated
with the lowest eigenvalue Ay(0). Then O2p(x1,0) = 0. Extend ¢ by letting
P(x) = @(x1,x2) for o > 0 and p(—x1,z2) for xo < 0. Then ¥ is an eigenfunction
of (1.8). Hence A4 (0) > A\g. From Theorem 3 we conclude that 1 (z) = ce'™* u(xy).
So the conclusion holds.

Step 2. We show that A\ () < Ao if 0 < ¥ < 7w and ¥ # 5. From Lemma 5.1

we may assume 0 < ¥ < g We follow the idea in [LP5| (Section 3) to find a test

function.
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By gauge invariance, we choose the vector field

|z ,
A(z) = —T(COS 9, sin ).

Then we introduce new coordinates y = (y1,y2) as in (4.1). Note that x5 > 0 if
and only if yo > —y; tan). For any given function ¢(x), we choose ¢ such that

where 79 is the unique minimum point of A\(7). Then we have

1 1
IV Aw@@) = 10,0+ S0 + 10,01 = 0,0 + 50 + 270) 0 + |0y

Now we let u be the positive eigenfunction of (3.1) associated with the lowest
eigenvalue Ao = A(79), and choose

¢(y) = g(—y1 tan9)u(y2),

where ¢ is a smooth function with compact support and is to be determined later.
Let

o= [ s

We have

+00 +o0 +oo
[oeta= [ an [ e an i dn = cotd [ gOs0n
T —00 —y1 tan — 0o

Integrating by parts and using (3.1), we get

i

Q= [ {100+ 503 + 206l + 10,00}y
+

= tan§/+oo f(t)g'(t)%dt
reor [ g0 [T ()P + 303 + 200 ) e
70:00 +oo
= Xg cot ﬁ[ f(t)g*(t)dt + L [tand f(t)|g’ (t)|> — cot 9g*(t)u(t)u’ (t)]dt.

Noting that f” = —2uu’, we get

+oo
Q= oleliegs) = [ o Oan 07 (@)g'(0) — coras (v

Let  be a cut-off function such that n = 1 for |¢t| < n, n = 0 for |t| > 2n, and
2

|| < =. Choose € > 0 small enough so that a = cot> —e > 0. Let
n

g =mn(t)f*(t).
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Recall that u decays exponentially. We compute

Q- >\0||80||2Lz(R2+)

+oo
_ tan® / {—ean? 27 12+ | 2F20 + (a — &) £2° £ Yt

—0o0

+o0 1
= —5atan19/ FRHFPdt + O(=).
oo n
Now we choose large n such that
Q- /\0||50||2L2(]Ri) <0.

Returning to the original variables, we find a test function, and conclude that
A (9) < Ao.

Step 3. We show that Ay (5) < Ao.

Let u be the positive eigenfunction of the equation (1.9) associated with the
lowest eigenvalue A\g = A\(7) such that ||ul| 2 = 1. Choose

w=u(r1)g(x2),  x=alai+2m)E(r2), ¢ =wexp(itors +ix),

where a > 0, g and £ are real functions, all to be determined later. We have
i
Q= [ 10167 + 1020 + gatoi}da
+

1
= /}R2 {IVul* + w*[[Vx[* + (a1 + 270)d2x + 1(96? +210)*]}dz = Mol @l 7oz + 1,
2

where

+oo +oo
I= / W (1) / {19/ (@) + ? (£2) [[Vx[? + (22 + 270) 0] e

—0o0

[ ey, / )P

—0o0

+ g% (22)[4a®21E% (x2) + a®(aF + 270)2|€ (w2) | + a(2] + 270)°¢ (z2)] s

+oo
= / {lg'(@2)|* + g*(x2) 10”33 (w2) + c20® (€ (22) > + 208/ (22)] }das.
0
Here

+oo
c = 4/ x%uz(xl)dxl,

e 2 2,2 4o
= / (] + 270) 0w (z1)day = —.
e 3
Here we have used the fact ||u||2 = 1. Now we fix b > 0. Choose ! > 0 large, ;1 > 0
and € > 0 small, such that

copb
O<e< .
£y

C1 1 —
b+ =) < o, b <
p(b” + 02) 5 e

N =

Let
a=pb,  &(wy)=e "2
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and (after approximation)

1 if0<t<lI,
g(t) = )

ifl <t < 4o0.
We have
c1a?21€% (2) + c2a® [/ (2)* + c2a€/(x2)
b2
= —cwbe_bm(l — abe 2 — %e‘b’”) < %e‘b’”.
Then
+o0o 2
copb® _
I< [l ) - e )
0
e coub? bl € copb catb
< 1- < )
5 g el <y < <0
With the above choice we have @ — )\0||¢H%2(Ri) < 0. 80 A4 (3) < Ao O

Lemma 5.3. A} (¥) has eigenfunctions in W"?(R2, A) when 0 < ¥ < .

Proof. Note that if ¢ is an eigenfunction of Ay () for 0 < ¥ < g, then p(—x1,z2)
is an eigenfunction of Ay (m — ). So we only need to consider ¥ that lies in (0, 5.
Step 1. In order to prove the existence of eigenfunctions in WLQ(R?HA), we
consider a series of approximation problems. Define
Bt ={xz e R} : |z < n},
Wy ={p e WH3(B},A) : ¢(x) =0 when |z| =n},

Vao|*dx
An(9) = inf Jo; [Vadl'de Af'
W [y 0Pdx
It is easy to see that A, (¢) is achieved. Obviously {A,(9)}52, is a decreasing

sequence, and lim,,_,o A, (9) = A4 (¢). Let ¢, be a minimizer for A, (¢) such that
[¥nll2(pty = 1. Then 1, satisfies

—VaAYn = A9, in B,
(5.3) (Vat,) v=0 if 7o =0,

The elliptic estimates show thﬂ {¢n} is uniformly bounded. Now we extend v,
onto R% by letting 1, = 0 on R2 \ B;f. We have

/ IV atbn|2dz = A (0) / [P = A (9).
R2 R2

2
Step 2. In the following we show that {¢,} has a subsequence that strongly
converges in L?(R%).

Claim 1. For any § > 0 there exists C = C(6) > 0 such that, for all x € B/} and
all n,

(5.4) [thn (2)| < C||tn|| Lo exp(—d|z2 cos ¥ — x1 sin ).
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_ To prove (5.4), we introduce new coordinates y = (y1,y2) by (4.1) and let
Yn(y) = Yn(w). Let
Q,={y e Ri syl < n, yisind 4+ ya cos > 0},
={y € 9, : y1sin ¥ + ya cos ¥ = 0},
S ={y € 02, : |y| = n}.

Then 1), satisfies the following equation:

~ ~ 4 ~ ~
Aty + Y30y, tn = L + Aa(@)n =0 in Q,

Oy
o + 22/21/11/}71 =0 on Iy,
Uy =0 on S,.

Here v = (11, v2) is the unit outward normal vector of T'y,.
Introduce

(bn(y) = edlyzl";n(y)'
We shall show that {¢,} is uniformly bounded. Then (5.4) follows.
Suppose it were not true. After passing to a subsequence we may assume that
for every n there exists a point (ay,b,) € £, such that
|Pn(an, bn)| = PnllL>(@,) — o0 as n — o0.

Recall that {¢,,} is uniformly bounded. So we must have
lim |b,| =

n—oo

In the following we shall consider the rescaled functions near (ay,, b,). Without loss
of generality we may assume b, — +00, and rewrite the equation in the region

O ={yeQn:y2>0}

(if b, — —oo we rewrite the equation in the region Q,; = {y € Q,, : y2 < 0}). In the
region Qf we have ¢, (y) = e?¥24,,(y), and we write the equation for ¢,, as follows:

4
A¢n + Zy§8y1¢n - 258y2¢n - %(bn + ()‘n(ﬂ) + 52)¢n =0 in Qn;

0
;n + 2y2V1¢n ovady, =0 onlI',,
On =0 on S,.
Let
1 1

exp( Enb 21)Pn(an + Enz1, by + Enza).

BV O TP

Then ¢, (z) satisfies the following equation:
Ay, + (222 + €2 23)0., on — 206102, 0n

. = [(e2 + 538 ~ D) + pn in D,

opn . 1
a(py +i(z2 + 56223)1/190” —epdrop, =0 on I'y,

¢n =20 on S’n,
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where

~ Q, — (an; bn) I, — (an; bn)

Q, = —n M 0n) I, = \9nn) gn:M.

En En €n

Note that |¢,(0)| =1 = ||¢n||Le-
After passing to a subsequence, we have the following cases to deal with.

1
Case 1. lim —dist((an,by),d,) = +o00.

n—oo £y,
1 1
Case 2. e—dist((an,bn),f‘n) is bounded, lim E—dist((an,bn),Sn) = +o00.
n n—oo n
1 1
Case 3. lim g—dist((an,bn),I‘n) = +o00, E—dz’st((an,bn), Sy) is bounded.
n—oo n n

1 1
Case 4. Both E—dz’st((an,bn),I‘n) and E—dz’st((an,bn), Syp) are bounded.

Applying the elTiptic estimates to the eq?lation (5.5), we conclude that {¢,} is
uniformly bounded in CZ'®. Therefore we can find a subsequence of {(,} which
converges in C* to a function ¢(z) with |¢(0)] = 1, and ¢ is a solution of the
equation Vip = 0 in Q.,, namely

(5.6) Ap + 20200, — 22 =0 in O,

where E = (—22,0), and Q. is the limit of {Qn} After rotation and translation of
the coordinate system and making a gauge transform if necessary, we may identify
Qo as follows.

In case 1, Qo = R2. Recall that the lowest eigenvalue of —V% in R? is 1; see
ILP2] (Theorem 1).

In case 2, Qs = R%. The boundary condition is (Vge) - » = 0 on OR2. Recall
that the lowest eigenvalue of —VQE in Rﬁ_ under this boundary condition is 3y > 0;
see [LP2] (Theorem 2).

In case 3, Qo = Ri. The boundary condition is ¢ = 0 on 6Ri. Recall that the
lowest eigenvalue of —V§ in R under the Dirichlet boundary condition is 1; see
[LP2] (Theorem 4).

In case 4, Qoo = Q = {2z = (21,22) : 21 > 0,22 > 0}. The boundary condition is

(Vep) - v=0 if 21 >0, 20 =0, =0 if 2z, =0, 290 >0.

It is easy to see (by odd extension in the z; direction) that the lowest eigenvalue of
—V% in Q under these boundary conditions is greater than S.

Hence, in each case (5.6) has no non-trivial bounded solutions. Thus none of the
above cases can happen. (5.4) is proved.

Step 8. From (5.4) we see that, for any fixed [ > 0 and for any € > 0, there
exists m = m(e) such that, for all n, the solution v, of (5.3) given above satisfies

(5.7) / |1/)n|2dx <e.
{lz1|>m,0<z2<i}

Claim 2. For any € > 0, there exist positive numbers N and | such that, for all
n> N,

+oo +oo
(5.8) / dxl/ [t | das < €.
—00 l
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Let 1 be a smooth cut-off function. Multiplying (5.3) by 1%¢,, and integrating,
since ¢, = 0 on R?2 \ B;, we get

69 [ VAR = [ @)l + 0l e
+ +

Recall that A, (¥) — Ap(¥) < Ao as m — oo. Fix 6 > 0 small enough so that
26% < Ao — Ap(9) for all large n. Let n(z) = n1(z1)n2(z2), where 72(0) = 0 and

edlm+a1) if  x < —m,
m(z) =<1 if x| < m,
edm—z1) it 1 >m.

Since spt (7)) C R2, we have
[, 19atmn)Pde = [ (Fatmin)Pde= 2 [ e
R% R2 R2
Combining this with (5.9), we find that
(o= (@) =) [ odlonPde < [ ol de.
R2 R2
1 1
Letting m — +o00, we get

(Mo — An(9) — &%) / Bln P < / Inb Pl 2
R2 RZ

l
Choose 72 such that na(z2) = 0 if 29 < 5 and n2(x2) = 1 if 29 > [. From the above

inequality we get

+oo +oo C
(Ao — An(¥9) — 52)/ dxl/ [t |2day < R
—o00 l

So (5.8) is true.

Step 4. From (5.7) and (5.8) we see that the sequence {1} is precompact in
L? (Ri) After passing to a subsequence we may assume that v, — ¥ weakly in
W1(725R%r) and strongly in L*(R%). Then ¢ € W'2(R%, A) is an eigenfunction of
Ap (). O

Proof of Theorem 4. Theorem 4 is a consequence of Lemmas 5.2 and 5.3. |

86. AN EIGENVALUE PROBLEM IN BOUNDED DOMAINS

Let Q be a smooth bounded and simply-connected domain in R? and F be a
smooth vector field. Denote by pu = p(bF) the lowest eigenvalue of the equation
(1.5) in . Then

i Jo IVepd2dz +~ [, || ds
6.1 bF) = inf
(6.1) 1(bF) st o) T oPda

Proof of Theorem 2. We shall estimate the value of u(bF) for large b, where curl F
has non-degenerate zeros, namely, Hy = curl F satisfies the condition (1.1) stated
in the Introduction. We shall adopt the arguments in [LP3] (Sections 6 and 7). So
only the outline is given below.
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To derive the upper bound for p(bF), we choose a test function by modifying
the eigenfunctions of (1.6) and (1.11), and use the local decomposition formula in
[LP3] (Lemmas 3.1, 3.2). We can show that

bF
L < oo

(6.2) lim sup
b—oo
where aq (Hp) was given in (1.3).
To derive a lower bound, let b — +o00 and let ¥(x) be the eigenfunction of (1.5)
such that [|1s]| =) = 1. Let 2 be the maximum point of [¢;|. After passing to
a subsequence we may assume that ¥ — 29 as b — +oo. First, assume z° € Q.
For simplicity of notation we assume that z° = 0. From the local decomposition
formula given in [LP3| (Lemma 3.1) we have

F(z) = Vx + curl F(0)w(z) — %|x|20ur12F(0) + D(x),

where x is a smooth function, w(z) = (—%, %) and [D(z)| < C|z|*>. From our

assumption we have curl F(0) = 0, curl?F(0) # 0. Denote

curl?F(0)

n= TCurZF(0)] = (cos ¥, sin 1), p = |curl*F(0)| = [V Ho(0)|.

By gauge invariance we may assume x = 0. So we write

F(z) = —Mn + D(x).

2
Set,
1 Q— 29 Q
QE - - £ = )
S IVER . . @=(y) = p(ey)
ly|? D(ey)
Ay) = -2 D.(y) =
(y) 51, (y) =

From (1.5) we find that

— Vaip.¢e =" u(bF)p:  in Q,
(Va4D.@s) -V +evyp. =0 on Q..

As in [LP3] (Section 7), we can show that {¢.} has a subsequence {¢.,} which
converges in C’fota to a function ¢, and ¢ satisfies (1.6) in R? with

A= jlirgo e5u(b;F).

From Theorem 3, if ¢ # 0 we must have A > A\g. Therefore

(6.3)

bF) 2/ 2/3 2/3 2/3 2/3
liminf ———=~ > = H > i H, > H, .
minf Za 2007 = Ml VHO)T 2 Ao min [V Ho[Y 2 aa(Ho)

Next assume that 2° € 9€2. Then we use a diffeomorphism to straighten a portion of
09 around x°, which gives new local coordinates. Write the equation in these new
coordinates. After rescaling and gauge transformations, we find that the limiting
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equation is (1.11), with 9 being the angle between curl®?F(2°) and the tangent
vector T of 9. So we find that

(6.4)

.. . ((bF)
liminf =o > ARY, 0(2°))|V Ho () /%

= . 2 2/3 < 2/3
> _min B 0(2)) [VHo(@) [ > o (Ho)

Combining (6.2), (6.3) and (6.4), we get the first conclusion in Theorem 2.

Next let {2°} C Q be such that

~b
N 70

— > 0.
b—+too ||Vl (@)

The above discussion shows that the limiting points of {#°} must lie in Z(Hy). So
the second conclusion of Theorem 2 follows. O

Proof of Theorem 1. Using Theorem 2 and adopting the arguments in [LP4] (proofs
of Theorems 1.1 and 1.3), we obtain Theorem 1. The details are omitted here. O
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